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Deterministic particle approximations

Transport equations for evolving measures

∂tρt + div(ρtV [ρt ]) = 0 (CE)

P(Rd) ⊇ D 3 ρ 7→ V [ρ] ∈ L1
loc(Rd) .

P(Rd) is the space of probability measures on Rd .

The unknown ρt is a curve [0,+∞) 3 t 7→ P(Rd).

The total mass M =
∫
Rd dρt(x) is preserved in time (assume M = 1 for simplicity).

ρt(A) may model the amount of

a fluid
a population of animals, or humans, or vehicles
an ensemble of cells or bacteria

on the domain A ⊂ Rd .

V may depend on ρt in various ways. Examples:

V [ρt ](x) = ω(x), external drift (no dependence on ρt).

V [ρt ](x) = (K ∗ ρt)(x), nonlocal dependence.

V [ρt ](x) = v(ρt(x)), ρt absolutely continuous w.r.t. Ld .

V [ρt ](x) = −∇ργt for some γ > 0, nonlinear diffusion, better regularity on ρt .
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Deterministic particle approximations

A prototype DPA algorithm

Let ρ0 ∈ P(Rd) be a given initial condition.

Find a sequence µN
0 of empirical measures

µN
0 =

N∑
i=1

1

N
δxNi,0

such that µN
N → ρ0 in the narrow sense as N → +∞.

Find a suitable discrete approximation V N of V .

Solve the Cauchy problem for the moving (Lagrangian) particles{
ẋN
i (t) = V N(xN

i (t))

xN
i (0) = xN

i,0

i = 1, . . . ,N . (MP)

Define

µN
t =

N∑
i=1

1

N
δxNi (t)

or a similar discrete measure constructed out of the N moving particles.

Prove that µN
t → ρt (in some sense), with ρt solving (CE) with initial condition ρ0.
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ẋN
i (t) = V N(xN

i (t))

xN
i (0) = xN

i,0

i = 1, . . . ,N . (MP)

Define

µN
t =

N∑
i=1

1

N
δxNi (t)

or a similar discrete measure constructed out of the N moving particles.

Prove that µN
t → ρt (in some sense), with ρt solving (CE) with initial condition ρ0.

M. Di Francesco (L’Aquila) Deterministic particles and smoothing effects Anacapri 2025 5 / 28



Deterministic particle approximations

Motivations behind DPA

Link with Lagrangian dynamics, justification of the PDE in discrete modelling
setting.

Numerical purpose: simulation via ODEs.

Reduction to finite dimension, reduction of complexity: do we have a structure
that is similar to the continuum model?

Applications: in several context a particle simulation is more interesting than a
PDE simulation (e.g. traffic flow).
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Deterministic particle approximations

Motivation for this talk: smoothing effects

Many of the target models feature some smoothing effects, in that they “improve” the
regularity of the initial condition.

Examples:

Scalar conservation law
ρt + f (ρ)x = 0

with f strictly convex or concave: Oleinik-Hoff estimate (1963-1983)

f ′(ρ)x ≤
1

t
in D′

which implies an L∞-BVloc smoothing effect.

Porous medium equation
ρt = ∆ργ γ > 1 .

Fundamental estimate by Aronson and Bénilan (1979)

∆

(
m ρm−1

m − 1

)
≥ − 1

(m + 1)t

which implies, among other things, an L1-L∞ smoothing effect.
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Deterministic particle approximations

Smoothing effects vs Deterministic particles

Discrete counterparts for continuum quantities

Density ρ is usually replaced by

ρN(x , t) =
N−1∑
i=0

Ri (t)1[xi (t),xi+1(t))(x) , Ri (t) =
`N

xi+1(t)− xi (t)
, `N = 1/N .

Space derivatives are typically replaced by finite differences. Example: f ′(ρ)x
replaced by

f ′(Ri+1(t))− f ′(Ri (t))

xi+1(t)− xi (t)

Remarks:

Controlling Ri (t) from above is equivalent to controlling

di (t) = xi+1(t)− xi (t)

from below. Estimates should be uniform in N.

Clearly, we have some freedom in the choice of the deterministic approximation.

In order to ensure consistency with these effects, local interactions should be
rendered via nearest neighbor interactions.
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1d singular nonlocal repulsive interactions
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1d singular nonlocal repulsive interactions

Nonlocal repulsive equation

In [DF-Iorio-Schmidtchen, SIMA 2025] we consider the nonlocal PDE

ρt − (ρW ′ ∗ ρ)x = 0

with

W (x) =
1

2
e−|x| Morse potential .

Recall

−W ′′(x) + W (x) = δ0

A natural DPA scheme would be

ẋi (t) = − 1

N

N∑
j=1

W ′(xi (t)− xj(t)) = −W ′ ∗ µN(t)(xi (t))

but we prefer instead

ẋi (t) = − 1

N

N∑
j=1

W (xj+1(t)− xi (t))−W (xj(t)− xi (t))

xj+1(t)− xj(t)
= −W ′ ∗ ρN(t)(xi (t))

where

ρN(x , t) =
N−1∑
i=0

Ri (t)1[xi (t),xi+1(t))(x) .
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with

W (x) =
1

2
e−|x| Morse potential .

Recall

−W ′′(x) + W (x) = δ0

A natural DPA scheme would be

ẋi (t) = − 1

N

N∑
j=1

W ′(xi (t)− xj(t)) = −W ′ ∗ µN(t)(xi (t))

but we prefer instead

ẋi (t) = − 1

N

N∑
j=1

W (xj+1(t)− xi (t))−W (xj(t)− xi (t))

xj+1(t)− xj(t)
= −W ′ ∗ ρN(t)(xi (t))

where

ρN(x , t) =
N−1∑
i=0

Ri (t)1[xi (t),xi+1(t))(x) .
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1d singular nonlocal repulsive interactions

A simple L1 to L∞ smoothing effect

Assume particles x1(t) < . . . < xN(t) do not overlap (which is true if initially so). We
compute

d

dt
di (t) = ẋi+1(t)− ẋi (t) = −W ′ ∗ ρN(t)(xi+1(t)) + W ′ ∗ ρN(t)(xi (t))

= −
∫ xi+1(t)

xi (t)

W ′′ ∗ ρN(t)(y)dy =

∫ xi+1(t)

xi (t)

(δ0 −W ) ∗ ρN(t)(y)dy

=

∫ xi+1(t)

xi (t)

ρN(y , t)dy −
∫ xi+1(t)

xi (t)

W ∗ ρN(t)(y)dy .

Now observe∫ xi+1(t)

xi (t)

ρN(y , t)dy =
1

N
, ‖W ∗ ρN‖L∞ ≤ ‖W ‖L∞‖ρN‖L1 =

1

2

which yields

ḋi (t) ≥ 1

N
− 1

2
di (t) .

Integrating in time gives

di (t) ≥ di (t)e−
t
2 +

2

N

(
1− e−

t
2

)
≥ 2

N

(
1− e−

t
2

)
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1d singular nonlocal repulsive interactions

A simple L1 to L∞ smoothing effect

The above estimate reads for Ri (t) as

Ri (t) =
1

Ndi (t)
≤ 2

(1− e−t)
t > 0

and for ρN(x , t) as

‖ρN(·, t)‖L∞(R) = max
i=1,...,N

Ri (t) ≤ 2

(1− e−t)
t > 0

which is the desired smoothing effect.

Instantaneous L∞ regularization, no matter whether the initial L∞ norm is finite or
not.

The above estimate is rigorous for particles that are initially detached.

The estimate is uniform in N and does not involve the initial L∞ norm of ρN .

It may be extended to particles which are initially overlapping. The model can be
formulated suitably as a finite dimensional gradient flow in which initially
overlapping particles detach instantaneously.
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1d singular nonlocal repulsive interactions

A nonlocal-to-local limit

The full set of results in [DF-Iorio-Schmidtchen, SIMA 2025]:

Existence and uniqueness of Wasserstein gradient flow solutions to

ρt − (ρW ′ ∗ ρ)x = 0 , W (x) =
1

2
e−|x|

with probability measure initial data.

Convergence of the many particle limit to gradient flow solutions.

Scaled version of the particle system with potential

Wε(x) = ε−1W (ε−1x) ,

corresponding to
∂tρ = ∂x (ρ∂xWε ∗ ρ) ,

convergence to weak solutions to the quadratic PME

∂tρ = ∂x (ρ∂xρ)

for initial data in L1 ∩ L∞.
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Oleinik-Hoff estimate for 1d conservation laws
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Oleinik-Hoff estimate for 1d conservation laws

Entropy solutions à-la Oleinik-Hoff for conservation laws

Scalar conservation law ρt + f (ρ)x = 0 with initial datum ρ ∈ L1(R) ∩ L∞(R).

It is well known that multiple weak solutions may arise. This problem was
bypassed by Oleinik in 1963 and Kružkov in 1970 by introducing the (stronger)
concept of entropy solutions.

Oleinik’s formulation, assuming f ∈ C 2 with f ′′ ≥ λ > 0:

ρx ≤
1

(min f ′′)t
in D′(R× (0,+∞)). (1)

Extension by Hoff (1983), sharp version of (1) in case of f ∈ C 1 and f is either
strictly convex or strictly concave

f ′(ρ)x ≤
1

t
in D′(R× (0,+∞)). (2)

One-sided Lipschitz condition in the sense of distributions. Interpretation as
admissibility for shocks.

Oleinik-Hoff condition provides a smoothing effect from L∞ to BVloc in space.

The equality sign in Hoff’s condition is achieved in case of rarefaction waves
f ′(ρ(x , t)) = x/t.
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Entropy solutions à-la Oleinik-Hoff for conservation laws

Scalar conservation law ρt + f (ρ)x = 0 with initial datum ρ ∈ L1(R) ∩ L∞(R).

It is well known that multiple weak solutions may arise. This problem was
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Entropy solutions à-la Oleinik-Hoff for conservation laws

Scalar conservation law ρt + f (ρ)x = 0 with initial datum ρ ∈ L1(R) ∩ L∞(R).

It is well known that multiple weak solutions may arise. This problem was
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ρx ≤
1

(min f ′′)t
in D′(R× (0,+∞)). (1)

Extension by Hoff (1983), sharp version of (1) in case of f ∈ C 1 and f is either
strictly convex or strictly concave

f ′(ρ)x ≤
1

t
in D′(R× (0,+∞)). (2)

One-sided Lipschitz condition in the sense of distributions. Interpretation as
admissibility for shocks.

Oleinik-Hoff condition provides a smoothing effect from L∞ to BVloc in space.

The equality sign in Hoff’s condition is achieved in case of rarefaction waves
f ′(ρ(x , t)) = x/t.
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bypassed by Oleinik in 1963 and Kružkov in 1970 by introducing the (stronger)
concept of entropy solutions.

Oleinik’s formulation, assuming f ∈ C 2 with f ′′ ≥ λ > 0:

ρx ≤
1

(min f ′′)t
in D′(R× (0,+∞)). (1)

Extension by Hoff (1983), sharp version of (1) in case of f ∈ C 1 and f is either
strictly convex or strictly concave

f ′(ρ)x ≤
1

t
in D′(R× (0,+∞)). (2)

One-sided Lipschitz condition in the sense of distributions. Interpretation as
admissibility for shocks.

Oleinik-Hoff condition provides a smoothing effect from L∞ to BVloc in space.

The equality sign in Hoff’s condition is achieved in case of rarefaction waves
f ′(ρ(x , t)) = x/t.

M. Di Francesco (L’Aquila) Deterministic particles and smoothing effects Anacapri 2025 15 / 28



Oleinik-Hoff estimate for 1d conservation laws

DPA for scalar conservation laws

Also known as follow-the-leader approximation, i.e. approximation of entropy
solutions to

∂tρ+ ∂x f (ρ) = 0 , ρ(x , 0) = ρ(x) ≥ 0

via the (n + 1)-particle system

ẋi (t) = v (Ri (t)) , i = 0, . . . ,N − 1 , ẋN(t) = v(0) ,

where we assume

ρ 7→ v(ρ) =
f (ρ)

ρ
decreasing , ρ 7→ f (ρ) concave ,

through the piecewise constant reconstruction of the density

ρN(x , t) =
N−1∑
i=0

Ri (t)1[xi (t),xi+1(t))(x) .

It works (so far) only if ρ ≥ 0.

It has a natural interpretation in traffic flow modelling.
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Oleinik-Hoff estimate for 1d conservation laws

Main result in [DF-Rosini 2015]

The discrete density

ρN(x , t) =
N−1∑
i=0

Ri (t)1[xi (t),xi+1(t))(x), Ri (t) =
1

N(xi+1(t)− xi (t))
,

converges strongly in L1
loc(R× [0,+∞)) as N → +∞ towards the unique entropy

solution to the conservation law with ρ as initial condition.

The result is proven in two separate assumption frameworks, always assuming

v ∈ Lip([0,+∞)), v strictly decreasing, ρ ∈ L1 ∩ L∞ compactly supported and

ρ ≥ 0:

(i) in case the initial datum ρ has bounded variation,
(ii) in case the map ρ 7→ ρv ′(ρ) is non-increasing with no extra assumptions on ρ.
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Oleinik-Hoff estimate for 1d conservation laws

The entropy condition in the scheme

In (ii), that is in case ρ 7→ ρv ′(ρ) is non-increasing, the estimate

v(ρN(xi+1(t), t))− v(ρN(xi (t), t))

xi+1(t)− xi (t)
≤ 1

t
(3)

is proven in [DF-Rosini 2015] and used to prove uniform-in-N local BV estimate
for v(ρN(·, t)).

The above estimate is not sharp. In fact, in the continuum limit would read

v(ρ)x ≤ 1/t (4)

Recalling f ′(ρ) = v(ρ) + ρv ′(ρ), entropy solutions are characterised by Hoff’s
condition f ′(ρ)x ≤ 1/t.

In [DF-Stivaletta, JHDE 2022] we prove

f ′(ρn(xi+1(t), t))− f ′(ρn(xi (t), t))

xi+1(t)− xi (t)
≤ 1

t
(5)

in the special case

v(ρ) = A− Bργ , A ∈ R , B, γ > 0 . (6)
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Oleinik-Hoff estimate for 1d conservation laws

A proof of the discrete Hoff estimate

Consider the case
v(ρ) = 1− ρ .

The estimate reads in this case

Di (t) = t
Ri (t)− Ri+1(t)

xi+1(t)− xi (t)
= tNRi (Ri − Ri+1) ≤ 1

2
, t > 0 i = 0, . . . ,N − 1 .

Proof by backward induction: first prove the case i = N − 1, then assume it is true for
all j > i and prove it for the i-th term.

Ḋi =NRi (Ri − Ri+1) + tNṘi (Ri − Ri+1) + tNRi (Ṙi − Ṙi+1)

=NRi (Ri − Ri+1) [1− Di ] + NRiRi+1Di+1 − NR2
i Di

we now use the inductive assumpion Di+1 ≤ 1/2

≤NRi (Ri − Ri+1) [1− Di ] +
1

2
NRiRi+1 − NR2

i Di±NRiRi+1Di

=NRi

(
Ri −

1

2
Ri+1

)
(1− 2Di ) .
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Oleinik-Hoff estimate for 1d conservation laws

A proof of the discrete Hoff estimate

Consider now the positive part (x)+ = max{0, x} and its derivative H(x) the Heaviside
function. We get

d

dt
(Di (t))+ = H(Di )Ḋi

=H(Di )NRi

(
Ri −

1

2
Ri+1

)
(1− 2Di ) .

Since Di ≥ 0 if and only if Ri ≥ Ri+1, we get

d

dt
(Di (t))+ = H(Di )Ḋi

=H(Di )NRi

(
Ri −

1

2
Ri+1

)
+

(1− 2(Di )+) .

Hence, we obtain

Di (t) ≤ 1

2
via a simple ODE comparison argument.
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=H(Di )NRi

(
Ri −

1

2
Ri+1

)
(1− 2Di ) .

Since Di ≥ 0 if and only if Ri ≥ Ri+1, we get

d

dt
(Di (t))+ = H(Di )Ḋi
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Aronson-Bénilan estimate for the 1d PME
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Aronson-Bénilan estimate for the 1d PME

Nearest neighbor interaction scheme for the PME2

One dimensional PME reads

ρt −
(
ρ

(
m

m − 1
ρm−1

)
x

)
x

= 0 .

Pseudo inverse cumulative distribution

P(R) 3 ρ(·, t) 7→ X (·, t) ∈
{
X ∈ L2((0, 1)) non-decreasing

}
X = X (z , t) , X (·, t)](L

1|(0,1)) = ρ(·, t)

∂x = (∂zX )−1 ∂z = ρ∂z .

Velocity field in the continuity equation PME

ẋ = −
(

m

m − 1
ρm−1

)
x

= − (∂zX )−1

(
m

m − 1
ρm−1

)
z

= −ρ
(

m

m − 1
ρm−1

)
z

= −mρm−1ρz = −(ρm)z .

To construct our scheme, we turn the last derivative above into a finite difference.

2Work in preparation with D. Matthes (TUM)
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2Work in preparation with D. Matthes (TUM)
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Aronson-Bénilan estimate for the 1d PME

Nearest neighbor interaction scheme for the PME

We define the particle scheme
ẋi (t) = −N(Ri (t)m − Ri−1(t)m) i = 1, . . . ,N − 1

ẋ0(t) = −NR0(t)m

ẋN(t) = NRN−1(t)m .

(7)

We derive the ODE system for the densities Ri :

Ṙi (t) =


N2R0(t)2(Rm

1 (t)− 2Rm
0 (t)) if i = 0

N2Ri (t)2 (Rm
i+1(t) + Rm

i−1(t)− 2Rm
i (t)) if i ∈ {1, . . . ,N − 2}

N2RN−1(t)2(Rm
N−2(t)− 2Rm

N−1(t)) if i = N − 1

which may be re-written as

Ṙi (t) = Ri (t)2(∆R(t)m)i

(∆R(t)m)i = N2(Ri+1(t)m + Ri−1(t)m − 2Ri (t)m)

with the convention R−1(t) = RN(t) = 0 .
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ẋ0(t) = −NR0(t)m
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Aronson-Bénilan estimate for the 1d PME

Discrete Aronson-Bénilan estimate

Aronson Bénilan estinate

(
m

m − 1
ρm−1

)
xx

≥ − 1

(m + 1)t

In the pseudo-inverse variable ρ (ρm)zz ≥ −
1

(m + 1)t
.

Hence, a suitable discrete counterpart for AB is

Zi (t) := Ri (t)(∆R(t)m)i ≥ −
1

(m + 1)t
. (8)

We observe Ṙi (t) = Ri (t)Zi (t). We then compute

Żi = Ṙi (∆Rm)i + N2mRi

(
Rm−1
i+1 Ṙi+1 + Rm−1

i−1 Ṙi−1 − 2Rm−1
i Ṙi )

= Z 2
i + N2mRi

(
Rm
i+1Zi+1 + Rm

i−1Zi−1 − 2Rm
i Zi

)
,

Assume Zi (t) attains its minimal value at i = k∗ on the interval [t, t + ε). Then,

Żk∗(t) ≥ Zk∗(t)2 + N2mRk∗(t)
(
Rk∗+1(t)m + Rk∗−1(t)m − 2Rk∗(t)m

)
Zk∗(t)

= Zk∗(t)2 + mRk∗(t)
(
∆k∗R(t)m

)
Zk∗(t)

= (m + 1)Zk∗(t)2.
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Aronson-Bénilan estimate for the 1d PME

Discrete Aronson-Bénilan estimate

Integrating in time we get

Zk(t) ≥ − 1

C + (m + 1)t

where

C =
(
−min

i
Zi (0)

)−1

> 0 .

Application to the speed of propagation of the support

The above implies

Ṙi (t) ≥ − Ri (t)

C + (m + 1)t

which gives

Ri (t) ≥ Ri (0)(1 + C−1(m + 1)t)−
1

m+1

and consequently

xN(t)− x0(t) =
N−1∑
i=0

di (t) =
1

N

N−1∑
i=0

Ri (t)−1 ≤
N−1∑
i=0

di (0)(1 + C−1(m + 1)t)
1

m+1

= (xN(0)− x0(0))(1 + C−1(m + 1)t)
1

m+1 .
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Conclusions

Comments, Remarks, Open problems

In a recent paper with E. Radici and S. Fagioli (Annales IHP 2025) we found a
measure-to-L∞ regularizing effect for the equation

∂tρ+ ∂x(ρW [ρ(·, t)]) = 0 (NLCL)

where W is the nonlocal operator

W [ρ](x) = v ((V ∗ ρ)(x)) = v

(∫
R
V (x − y)ρ(y)dy

)
with v strictly decreasing and smooth, V having decreasing jump discontinuity at
x = 0 (ans smooth elsewhere).

Many numerical methods are able to catch properties of the continuum PDE
(contractions, monotonicity, energy structure, etc.). Regularizing effects are often
proper of the continuum model.

It seems that DPA are able to catch smoothing effects, mostly because they
translate those effects at the level of the speed of propagation of the particles.

A possible direction to investigate: fully discrete DPA. Work in preparation with
Fagioli, Iorio and Rosini for scalar conservation laws.

Huge downside: this talk is sadly one-dimensional. It would be nice to see similar
properties in multi dimensional particle models.
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Conclusions

End of the talk

Thank you!
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